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COMBUSTION OF A LIQUID FUEL DROPLET IN AN ACOUSTIC FIELD 
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The rate of combustion of a liquid fuel droplet in an acoustic field is 
investigated analytically for certain limiting values of the dimen- 
sionless numbers characterizing the process. An expression relating 
the burning rate and the acoustic parameters is derived. 

The r e su l t s  of a theore t i ca l  and expe r imen ta l  in -  
ves t iga t ion  of heat  and m a s s  t r a n s f e r  p r o c e s s e s  in an 
acoust ic  field were  p resen ted  in [1-3] .  
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Fig.  1. D i a g r a m  of the p roces s :  1) r eac t ion  
zone; 2) fuel vapor  diffusion zone; 3) oxygen  

diffusion zone; 4) acous t ic  wave f ront .  

It was es tab l i shed  that the re  is a ve ry  c h a r a c t e r -  
i s t i c  r e l a t ion  between the t r a n s f e r  coeff ic ients  and the 
p a r a m e t e r s  of the acoust ic  field. Thus,  in the case of 
m a s s  t r a n s f e r  f rom a sphere  one such r e l a t ion  has 
the fo rm 
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It has r ecen t l y  been shown expe r imen ta l l y  that it 
is poss ib le  to c rea t e  h igh - in t ens i ty  combus t ion  c ha m-  
b e r s  u s ing  an acoust ic  field as a means  of a cce l e r a t i ng  
the combus t ion  of the individual  fuel d rople t s  and p a r -  
t i c les  [4]. 

This  paper  p r e s e n t s  the r e s u l t s  of a theore t i ca l  
ana ly s i s  of the p r o c e s s  of combus t ion  of an indiv idual  
d rop le t  of l iquid fuel. The p r o b l e m  of the combus t ion  
of a d rople t  is m o r e  compl ica ted  than the p r o b l e m  of 
"pure"  m a s s  t r a n s f e r  between a med ium and a sphere  
owing to the need to take into account  the chemica l  
r e ac t i ons  and because  of the effect of the t r a n s v e r s e  
flow of fuel vapor  on the hyd rodynamics  of the p r o c e s s .  

We wil l  cons ide r  a d rople t  of evapora t ing  fuel of 
r ad ius  R in a m e d i u m  d i s tu rbed  by a p lane  acoust ic  
wave (Fig. 1). The acoust ic  wave is c h a r a c t e r i z e d  by 
the p a r a m e t e r s  B, co, s = B/c0, X (here, s is the a m p l i -  
tude of d i s p l a c e m e n t  of pa r t i c l e s  of the m e d i u m  in the 
acous t ic  wave). 

Fuel  vapor  diffuses f rom the sur face  of the drople t  
to the r eac t ion  zone, while oxygen dif fuses  to the r e a c -  
t ion zone  f rom the su r round ing  medium.  The heat  r e -  
l eased  i n  the r eac t i on  zone vapor izes  the fuel and heats  
the su r round ing  m a s s e s  of gas. 

As usual ,  we a s s u m e  that the mix tu re  is  b inary ,  
that the physica l  p a r a m e t e r s  of the med ium do not de-  
pend on the concen t ra t ion  and t e m p e r a t u r e  f ields,  that 
the t e m p e r a t u r e  of the drople t  sur face  is equal  to the 
boi l ing point, and that the drople t  p r e s e r v e s  its s p h e r i -  
ca l  shape dur ing  combust ion .  

We will  now cons ider  the p rob lem for  c e r t a i n  l i m i t -  
ing va lues  of the d i m e n s i o n l e s s  :numbers  that  c h a r a c -  
t e r i ze  the p roces s .  As in [3] we a s s u m e  that  s /R  << 
<< 1, k /R >> 1, and coil ~/u >> 1. 

In the coo rd ina t e  sys t em Oxy (Fig .  1) the equa-  
t ions of the dynamic  boundary l aye r  are  wr i t t en  a s  
follows: 

_ _ ~ 2 4 7 1 7 6  + o _ _ = ~ _ _ + _ _ 4 _ 0 .  0~. ov V ~  
Ot OX 'O 9 O y '  Ot '" ~ . (1) 

o (ur) + o (vr) = o, (2) 
ax ay 

I .  

v = v ~  at y = O ,  

u = V = F ( x )  cosc0t at y = o c  

with the boundary  condit ions 

u = 0  at y = O .  

P roceed ing  as in [3], we p r e se n t  the solut ion in the 
fo rm of a sum of the s t a t ionary  and f luctuat ing c o m -  
ponents:  u = u 0 + u ' ,  where  u 0 is the s t a t ionary  and u '  
the f luctuat ing component  of veloci ty .  

To de t e r mi ne  u '  we obtain the equation 

Ou" Ou' O~u ' OV 

0-7 + v .  o--j - " - - o y '  = --ot (3) 

with the boundary  condi t ions  

u = V = F ( x ) c o s c o t  ; a t  y = ~ ,  

u = 0  at y 0. 

The solut ion of (3) has  the fo rm 

1 
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x c o s  cot 4 ~ + ( - ~  ~ x 

An analysis of solution (4) shows that when v w << 
<<'2(wu) 1/2 it goes over into the well-known relation 

u' = F (x) cos [o t -  exp (-- g I f  o~/2v ) x 

xcos c o t - - g  . (5)  

Since the condition v w << 2(w~)l/z is usually satisfied 
when a liquid droplet burns, in what follows we will 
employ only relation (5). 

For  the longitudinal component of the stationary 
velocity we obtain the equation 

O2uo / , Ou' \ Ou' \ OV \ = - .  ~ . + ( r  - / v ~  (6) 
@2 \ Ox / Oy / \ Ox / '  

where ( > is the sign of averaging with respect  to time. 
The solution of Eq, (6) does not depend on the pre-  

sence of "inject ion"and is given in [3]. 
The t ransverse  velocity component is determined 

from the continuity equation for the stationary velocity 
component as 

Y 

v o = v~. - -  ~ O (u~ ag. (7) 

0 

Thus, the velocity field of the secondary flows in 
the vicinity of the sphere can be determined in the 
form of a linear superposition of two flows: the sec-  
ondary flows without injection and injection itself. 

A s imilar  resul t  for a somewhat different case was 
obtained by Kestin [5]. 

As in the case of zero t ransverse  mass flow, the 
secondary flows converge on the equator of the sphere 
(Fig. 2), forming a very thin boundary layer of thick- 
ness 6dy n = (2u/do) I/~ at the surface of the droplet. 

Af the  outer edge of the dynamic boundary layer 

uo--V o 
3 F (x) OF (x) 1 F 2 (x) Or (x) 

4 o ax 2 o r (x) ax 

For potential flow around a sphere 

F ( x ) = 3  Bsin X--~-, r ( x ) = R s i n  x---~- �9 
2 R R 

In the coordinate system Oxy (Fig. 1) 

2x 
V o = - - A s i n  - - ,  

R 

and in the coordinate system O'xy (Fig. 2) 

V 0 = A sin 2x_x, 
R 

(8) 

where 

A =  1 . 4 - - .  
B 2 

In the coordinate system O'xy (Fig. 2) the variable 
radius of the sphere is written as 

X 
r = R cos - -  �9 

R 

The equation describing the combined development 
of the process  of diffusion, heat conduction, and heat 

Fig. 2. Diagram of secondary flows in the vicinity 
of the droplet. 

re lease  in the gas volume adjacent to the droplet is 
written in the coordinate system O'xy (Fig. 2) as [6] 

H D [ a 2 m o ) _ u _ _ _ v  + 
Z \ Og ~ ] Ox ag J 

[ o,~ - -  - - v - -  =0 .  (9) 

Here, 
1 = c 7 .  

When the Lewis-Semenov nmnber D/a  = 1, a Schwab- 
Zel 'dovich transformation is possible and Eq. (9) can 
be written [6-8] 

Ob O~b Ob q _ v _ _ =  D - -  (10)  
u a-ff Oy Og ~' 

where b is the Schwab-Zel'dovich variable, equal to the 
total enthalpy of the mixture divided by the heat of va- 
porization of the fuel: 

b = m~ 2r 
Q 

Equations (9) and (10) have been written on the as-  
sumption that heat and mass t ransfer  is realized by 
the secondary flows while the velocity fluctuations 
and fluctuations of the variable b have little effect on 
the average heat and mass transfer .  In [1-3] it was 
shown that this assumption is r igorously satisfied 
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in the "pure" process ,  in the absence of chemical  
react ions  and a t r a n s v e r s e  mass  flow. An analogous 
proof for the problem of droplet  combustion has been 
omitted owing to the c lumsiness  of the calculations. 
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Fig. 3. Effect of t r a n s v e r s e  mass  flow on the 
ra te  of droplet  combustion: 1) calculated f rom 

Eq. (23); 2) (22). 

We also assume that the the rmal  and diffusion r e -  
s is tance of the dynamic boundary layer  is smal l  and 
that the longitudinal component of velocity in the dif-  
fusion boundary layer  is given by express ion (8). The 
validity of this assumpt ionwas  also confirmed in [1-3].  

We now rewri te  Eq. (10) in the Mises var iab les  x, 
r The s t r e a m  function $ is determined f rom the r e -  
lations 

1 O, 1 0r 
11 - -  , r3 = V w 

r Oy r Ox 

We obtain the equation 

Ob ~b Ob 
O--x ---- DV~ O~ ~ --vwr O~ (11) 

with the boundary conditions 

b = b I at r  
b = b 2  ai , = o o .  (12) 

x 

Introducing the new var iable  0 = ~' Vor~dx, w e  obtain 

the equation o 

O b_b = D O~b - -  v___~ O__b_b (13) 
O0 O~; 2. Vor 0r 

with the boundary conditions (12). 
At very low evaporat ion ra tes  (13) goes over  into 

the equation 

Ob OIb 
= D  

O0 0r  ~ ' 

whose solution has  the fo rm 

b = b 2 + ( b t ' b ~ ) [  ! - - e r i  2 ~ ] '  (14) 

Since [8] 

dy Iv=0 

f rom (14) we have  

o.--1,59(b~--bl)  "V~'x 
X COS i R (15) 

It is natural  to assume that in all eases  

Substituting (18) in (13), we  a r r ive  at the equation 

where 

Ob O~b k db 
= D - -  . (17) 

ao a,, V~ar 

k ~ V ~ R / S A .  

Introducing the new var iables  b = b07), ~ = $/01!2, 
we obtain the equation 

[ O2b ~ _ (  " 1 ) Ob = 0  (18) 

with the boundary conditions 

b = b i , at ~1=0, 
b=b~ a t  ~1 =oo .  

The solution of Eq. (18) has the form 

[ ( , .  b --- b, + (b 1 - -  b2) err 2 ]/ffO ] / D  + 

+ e r f - ~ ] / t l + e r f - ~  )" (19) 

From (19) i t  is easy to obtain an express ion  for the 
dimensionless  ra te  of t r ansve r se  flow of fuel vapor: 

vwR V 8AR ,b2 bx) D -" ~ ( - -  x 

x " cos * (x/R) exp (--  v2,R/8AD) (20) 
V1 + cos~(x/R) l + e r f  V v~,R/SAD 

For  determining the unknown v ,  we have the equa- 
tion 

~ =  b~--bl exp--[~ ~ - [ /  V,2R " 
] f~  l + e r f ~  ' ~ = V S - ~ - D - "  (21) 

On average  for the droplet  we have 

qR _ 1.17 ~ _ ~ ,  (22) 
Dp 

where q is the amount of fuel evaporat ing in unit t ime 
f rom unit surface,  and p is the density of the fuel 
~r 
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At low "injection" rates Eq. (22) goes over into 
the relation obtained in [3]: 

_qR = 0 . 6 5 ~  (b~--b~). (23) 
D p V ~  

The r e su l t s  of ca lcu la t ions  based on (22) and (23) 
a re  p resen ted  in Fig.  3. It is c l ea r  that a t r a n s v e r s e  
flow of evapora t ing  fuel has an impor tan t  effect on 
the p roce s s  of combus t ion  of the individual  fuel d rop-  
let in an acoust ic  field, reducing  the ra te  of sur face  
evaporat ion.  

Nei ther  chemica l  reac t ions  in the drople ts  nor  a 
t r a n s v e r s e  mass  flow affect the na ture  of the r e l a t i o n -  
ship between the d i m e n s i o n l e s s  t r a n s p o r t  n u m b e r s  and 
the p a r a m e t e r s  of the acoust ic  field. As before,  the 
d i m e n s i o n l e s s  evapora t ion  ra te  depends l i nea r ly  on 
the ampli tude of the pa r t i c l e  veloci ty and is i nve r se ly  
p ropor t iona l  to the square  root  of the osc i l l a t ion  f r e -  

quencY. 

NOTA TION 

B is the ampli tude of pa r t i c l e  veloci ty in acoust ic  
wave; w is the osc i l l a t ion  frequency;  D is the diffu-  
s ion coefficient;  s is the d i sp l acemen t  ampli tude;  k is 
the wavelength of acoust ic  osc i l l a t ions ;  u is the longi -  
tudinal  velocity component; v is the transverse velocity 
component; V is the velocity at outer edge of boundary 
layer; x is the longitudina ! coordinate; y is the trans- 
verse coordinate; v w is the vapor velocity at droplet 
surface; r(x) is the variable droplet radius; u is the 
kinematic viscosity; R is the droplet radius; A is the 
characteristic secondary flow velocity; m 0 is the di- 
mensionless mass concentration; a is the thermal dif- 
fus[vity; I is the enthalpy; p is the density; H is the 

calorific value; cn is the specific heat; ~/ is the stoi- 
ehiometric factorq b is the Schwab-Zel'dovich variable; 
Q is the heat of vaporization; ~ is the stream function; 
0 and ~ are the independent variables; k is the injection 
parameter; fi is the perturbing factor characterizing 
effect of injection and chemical processes; q is the 
amount of evaporating fuel. 
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